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The equilibrium lecture found the condition that two bodies in thermal contact satisfy when
the total entropy is stationary: their temperatures are equal. This note asks what that condition
established, and develops the curvature tests that decide whether a stationary state is one the
system will stay in. We then allow several exchange variables at once, separate a stable phase from
a merely metastable one, and examine the assumptions the standard criteria quietly require. We
assume the potentials, Legendre transformations, Maxwell relations, and response functions of the
two preceding units; matrix quadratic forms are introduced where they are needed.
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2 1. What a Stationary Point Leaves Open
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1 What a Stationary Point Leaves Open

Let two bodies be separated by a rigid, impermeable, diathermal wall, with the composite isolated
from everything else. Energy can cross the wall; volume and particles cannot. The individual
volumes and particle numbers are fixed, Fiot = E1 + Es is fixed, and F4 is the only free quantity.
Taking the entropy of the composite to be the sum of the entropies of its parts,

Stot (E1) = S1(Ev, Vi, Ni) + S2(Eret — En, Va, Na), (1)
and setting the derivative to zero with (0S/0F)v,ny = 1/T gives

dSi: 1 1
S T, =Ty 9
dE, T, T, 0 - 1= (2)

It is worth being exact about what (2) settles. A differentiable function has zero derivative at
any interior extremum, so equality of temperature is a necessary condition for an interior maximum.
Three questions remain. The same equation holds at a minimum and at an inflection, so we do
not know which kind of stationary point we have. Even a genuine local maximum can be beaten
by a state far away in the space of divisions, or by a state that is not a division of this kind at
all. And nothing in the calculation refers to time: it identifies the state of largest entropy among
those compared, not whether the system reaches it or how long it takes. The first question occupies
Sections 2-5, the second Section 6, and the third Section 7.

Standing Assumptions

Unless stated otherwise, each body has a fundamental relation S(E,V,N) that is twice
differentiable and homogeneous of degree one; the entropy of a composite is the sum of
the entropies of its parts, with no interaction or surface contribution; each body is a single
homogeneous phase in internal equilibrium; and 7' > 0. Every criterion below inherits these.
Section 8 examines what happens when the second and third fail.

Every criterion below is an inequality among derivatives, so it matters which variables are held
fixed and how each symbol is normalised. Table 1 records those choices once. We use the physical
entropy S rather than S/kp, so that 1/7 rather than 8 = 1/(kpT) appears as the derivative of the
entropy with respect to energy, and the distinction between kr and kg is never dropped: it is the
whole content of several results below.

2 The Second Variation

A curvature test is a statement about a particular set of disturbances, so we must say which
disturbances the constraints allow before writing one down. For the wall above the only admissible
variation is 0y = —JdFE5, a one-dimensional family; a wall free to move would add §V; = —§V5
and make it two-dimensional. The same pair of bodies can be stable against one set and unstable
against a larger one. We should also be clear about what is varied: the states compared are
constrained equilibrium states, each body separately in internal equilibrium with a definite energy,
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Symbol  Definition Dimensions

Cy (OE/0T)y,ny =T(05/0T)y,n energy / temperature
Cp T(0S/0T)p.N energy / temperature
KT —(1/V)(OV/OP)r N inverse pressure

Ks —(1/V)(0V/OP)g N inverse pressure

@ (1/V)(0V/OT)p.N inverse temperature
o (OU/ON)s,v = =T(0S/ON)g, v energy / particle

A U—-TyS + PyV — puoN, with reservoir Ty, Py, 1o energy

Table 1: Symbols, the variables held fixed in each definition, and dimensions. Superscripts (1) and
(2) label the two bodies.

so the entropy we differentiate is the equilibrium fundamental relation and not a functional of an
arbitrary nonequilibrium state.
Differentiating (1) again, and using

028 o(1)T) 1 /0T 1
R)odl ~\oF T T2\9F T )
V,N V,N V,N 1%

with the two temperatures equal at the stationary point, the second-order term in the Taylor
expansion of St 18

1 1 1
625t0t = — + ((5E1)2 (4)
o

Thermal Stability of Two Bodies

For two bodies exchanging only energy at fixed individual volumes and particle numbers, and
with a common temperature 7' > 0, the stationary point of Sio is a strict local maximum if

and only if

1 1
+

e O
with both heat capacities evaluated at that temperature. The criterion assumes twice differ-
entiable fundamental relations, additive entropies, and variations restricted to energy transfer
alone.

>0,

This is not the same as requiring both heat capacities to be positive, and the difference is
instructive. If one body is much larger than the other, C"(/2 ) — oo and the condition collapses to
C"(/l ) > 0: a body in contact with a reservoir is stable exactly when its own heat capacity is positive.
But if C‘(,l) <0< C"(/Q), the sum of reciprocals is positive whenever C‘(/Q) < |C‘(/1)|. A body with a
negative heat capacity can sit at a genuine entropy maximum provided its partner is small enough,
as Figure 1 shows. Such a body has a convex entropy, which the standing assumptions exclude for
an additive system; Section 8 identifies the systems for which it is possible, so the figure is a model
rather than a property of an ordinary fluid.

The familiar requirement Cy > 0 follows by choosing the partner carefully. Take one homoge-
neous body and divide it, conceptually, into parts containing fractions z and 1 — x of the material.
Nothing physical has been done; we have only decided to describe it as a composite. The criterion
then applies with C"(/l) = zCy and C"(f) = (1 —x)Cy, giving 1/[Cyz(1 — x)] > 0, so that stability
against this redistribution for every x requires Cy > 0. Three ingredients went into that argument,
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AStot
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Figure 1: Total entropy near the stationary point for two bodies exchanging only energy. Body 1
has Ty = Te~E1—E)/A g4 C‘(/l) = —A/T} = —1 at the stationary point; body 2 has a constant
C"(/Z ), Energies are in units of A and entropies in units of A/T, both measured from the stationary
point, where T7 = T5 on either curve. The solid curve is drawn only as far as body 2 retains energy
for the plotted range; it continues downward.

and Section 8 removes them one at a time: additivity, so that the entropy of the body is the sum
of the entropies of the parts with no surface term; extensivity, so that a part containing a fraction
x has heat capacity xCy; and homogeneity, so that each part obeys a fundamental relation of
the same form. The condition Cy > 0 is a consequence of stability together with these structural
properties, not a separate law.

3 Concavity, Convexity, and a Zero Mode

Repeating the subdivision argument with arbitrary variations of energy, volume, and particle
number gives a statement about the whole fundamental relation. If a homogeneous additive system
is stable against every redistribution among its parts, then for any two states X, = (Eq, V,, Ng)
and X} of the same substance and any A € [0, 1],

S(AXa+ (1 =N)Xp) > AS(Xa) + (1= N)S(Xs), (5)

so the entropy is a concave function of its extensive variables. In the energy representation U (S, V, N)
is convex, the sense reversing because solving S(E,V, N) for E inverts an increasing function.

The distinction between (5) and a local curvature test matters more than their similarity suggests.
A negative second derivative at a point says only that the graph lies below its tangent nearby. A
function can satisfy that throughout a neighbourhood and still lie below a chord joining two distant
points, and then the uniform state described by the intermediate X has less entropy than a mixture
of the two end states. That gap is what metastability amounts to, and Section 6 takes it up. The
logical relation is one-way: (5) implies the local tests, and the local tests do not imply (5).

3.1. Homogeneity Supplies a Null Direction

There is a trap in applying a definiteness test to the full extensive-variable Hessian. Write X =
(E,V,N)T and let Hg be the matrix of second derivatives of S with respect to these variables.
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Because S is homogeneous of degree one, each first derivative 95/0X; is homogeneous of degree
zero, and differentiating that property along the scaling direction gives HgX = 0. The Hessian
annihilates X itself. This is not instability: it says that doubling the system doubles its entropy,
so the entropy does not curve in that direction at all.

Key Point

Stability requires Hg to be negative semidefinite, with the scaling direction X as its only
null direction. Strict negative definiteness of the full 3 x 3 matrix is never satisfiable, and
det Hs = 0 is not a signal of marginal stability. The usable statement is that Hg is negative
definite on any complement of the scaling direction — equivalently, that the two-variable
Hessian of the entropy per particle s(e, v) is negative definite.

The remedy is to remove the redundancy at the start: either work at fixed N with the pair
(E,V), or use densities and study s(e,v). Since U(S,V,N) = Nu(S/N,V/N), the Hessian of U
with respect to (S,V) at fixed N is 1/N times the Hessian of u(s,v), so the two routes give the
same conditions. We take the fixed-N route and restore composition in Section 5.

3.2. Which Function Is Extremal

Laboratory constraints are usually not isolation: a thermostat fixes the temperature, a loaded
piston the pressure, a particle reservoir the chemical potential. Each case follows from the entropy
maximum without a new principle. Let the system exchange energy, volume, and particles with
a reservoir whose Ty, Py, and pg do not change. The reservoir loses what the system gains, so
dSr = —(dU 4+ PydV — pup dN) /Ty with unsubscripted symbols referring to the system, and adding
the system’s own entropy change,

dU + PydV — pgdN
To -

Maximising the entropy of the isolated composite is minimising the availability A of the system,

1
dstotal =dS — —? d.A, A=U - T()S + P()V — ,uUN. (6)
0

a function of the system’s own variables in which the reservoir’s parameters appear as constants.
Its first variation reproduces T' = Ty, P = Py, ;= po, and only at that point does A coincide, up
to constants, with the Helmholtz or Gibbs free energy. The extremal function is therefore St for
an isolated composite, U — TyS at fixed Ty, V, N, U — T3S + PyV when the pressure is also fixed,
and A when particles are exchanged.

For stability, the useful consequence is immediate. The reservoir’s parameters are constants, so
the terms they multiply are linear in the system’s variables and contribute no curvature:

52 A = §°U. (7)

Every set of constraints leads back to the same object. What changes is not the curvature but
which variations are admissible.

4 The Energy Hessian and the Response Functions

We will repeatedly need the sign of a quadratic form Q(dz) = éz"H éx with H real and symmetric.
Completing the square on the first variable,

detH

™ (6x2)?, det H = HyjHyy — H,, (8)

Hi2 2
Q =Hii [0z + —dx2
Hip
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so @ > 0 for all nonzero dz if and only if H;; > 0 and det H > 0. Two features matter later. The
diagonal entries alone decide nothing: a matrix with both diagonal entries positive is indefinite
whenever H?, exceeds their product. And the coefficient det H/H1; is the curvature that remains
after dx1 has been adjusted to its most favourable value, which is the form Le Chatelier’s principle
takes below.

Work at fixed N with the variations (4.9, V) of a single body in contact with reservoirs, so that
stability requires 62U > 0. From dU = T dS — P dV the entries are second derivatives of U(S, V),
each a response function:

oT T oP 1 oT To
5= (5),~a Me(or) v (o), ©

The third uses the Maxwell relation belonging to U(S, V),

O\ __(oP\ _ _(oP\ (0T _ o T
ov), \as),” \or),\05), wrCv’

The determinant looks unpromising, since it mixes an adiabatic with an isothermal compressibility.
But with Cp — Oy = TVa?/kr and ks = krCy/Cp, both established in the response-function
unit, the first term expands as

T  1Cp T +T2a2
valis N C‘Z/V:‘QT N valiT 0‘2/,‘{%,

(10)

whose second piece is exactly H%V. Subtracting it leaves

T

H=e ——.
det Cv Vi

(11)
The adiabatic compressibility has cancelled. The identity is algebraic, so it holds wherever the
response functions are defined and Cy # 0; it does not presuppose stability, and both sides change
sign together when k7 < 0. Applying (8) with 7" > 0 gives the criteria.

Local Stability of a One-Component Fluid

For a single homogeneous phase at fixed particle number, with a twice-differentiable funda-
mental relation and T' > 0, strict local stability against variations of entropy and volume
holds if and only if

Cy >0 and Kk > 0.

These are sufficient for a strict local minimum of the availability, and therefore for stability
against small disturbances. They do not establish that the phase has the lowest availability
among all states available to the system.

Two inequalities follow. Since Cp — Cy = TVa?/kr and ky — kg = TVa?/Cp, positivity of
Cy and k7 gives
Cp > Cy >0, kr > kg >0, (12)

with equality when a = 0. The expansion coefficient « itself is unrestricted in sign, since it enters
only through o?: liquid water at atmospheric pressure between 0 and about 4°C contracts on
heating and is perfectly stable. It is worth noticing which quantities a stability argument constrains
and which it merely happens to involve.
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4.1. Le Chatelier’s Principle and Relaxed Constraints

The verbal form of Le Chatelier’s principle — that a system responds to an imposed change in a
way that moderates it — is the completion of the square in (8). Writing the differentials of the
intensive variables in terms of the Hessian, §7" = HggdS + Hgy 0V and §(—P) = HgydS + Hyy oV,
a clamped volume gives 01T = HggdS. If instead the pressure is held fixed, the second equation
forces 6V = —(Hgy /Hyv)dS, and substituting into the first,

oT H% det H or
— ) =Hgg— ¥ = < Hgg = [ =— 1
(85>p T Hyy T Hyy 8 (aS)V’ )

the inequality holding because Hyy > 0 in a stable phase. Since (07/9S)y = T/Cy and
(0T /0S)p = T/Cp, this is Cp > Cy; exchanging the roles of the variables reproduces kp > kg.
The two inequalities in (12) are one statement seen twice.

Releasing a constraint cannot decrease a susceptibility. When a second variable is free to
move, it moves so as to reduce the change in the conjugate field, and a given change in that
field produces a larger change in the primary variable. The size of the effect is H%,,/Hyv,
which vanishes when the variables are uncoupled.

Two qualifications. The inequality relates two equilibrium susceptibilities of the same state and
is not a dynamical principle. And it presumes a stable state: if Hyy < 0 the sign in (13) reverses,
and the verbal form fails along with the stability it assumed. The related Le Chatelier—-Braun
principle, concerning the sign of the secondary response, needs a separate argument of the same
kind; Callen gives it in Chapter 8.

5 Coupled Variations

5.1. A Wall That Moves and Conducts

Replace the rigid wall with one that is diathermal and free to slide while remaining impermeable,
so that Eio and Vies = Vi + Vo are fixed and the admissible variations form a two-dimensional
family. Using dS = dE/T + (P/T)dV for each body,

1 1 P P
dStot = <T1 - T2> 0Ey + <1 - 2) oV, (14)

which vanishes for every admissible pair only if Ty =T, =T and P, = P, = P. The bodies must
agree in temperature and in pressure, and that is all stationarity establishes.

For the second variation we could differentiate (14) again, but the second derivatives of S(E,V)
are awkward objects. It is shorter to expand each body’s energy instead, taking (4.57,0V7) rather
than (6F1,0V)) as the independent parameters — a change of variables that is invertible because
T > 0. Writing

0B =T 681 — PoVi+ 2 6aTHWsay +0(8%),  dzy = (851,01)7, (15)

with H®) the Hessian of (9) for body 1, and similarly for body 2, we add the two expansions and
impose 6 F1 + 0 F2 = 0 and 6Vo = —3§V;. The pressure terms cancel against each other, leaving

0=T (65 +0%)+1 [53:1TH(1)6561 - mgH(?)axg] : (16)
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At first order this says 6.5 = —46S51, and with dV5 = —dV; exactly, dxo may be replaced by —dxq
inside the Hessian terms, which are already second order. Solving (16) for the entropy change,

1

5St0t = oT

ox] [H(l) + H(2)} dxy. (17)
The first-order change has cancelled identically, so this is the whole change to second order, and the
stationary point is a maximum exactly when the sum of the two energy Hessians is positive definite.
Both earlier results are contained in it. Clamping the wall sets §V; = 0, and with HS)S =T/ C‘(})

this is the condition 1/ C‘(/l )41 / C"(/2 ) > 0. Making body 2 a reservoir sends all of its Hessian entries
to zero — infinite heat capacity, infinite Vkg — leaving positive definiteness of H() alone, which
is where Cy > 0 and s > 0 came from.

5.2. Why the Diagonal Entries Are Not Enough

Testing the two variations separately probes Hgg, thermal stability at fixed volume, and Hyy,
mechanical stability at fixed entropy. Both can be positive while the matrix is indefinite, and
by (8) the disturbance that finds the instability is a correlated one in which entropy and volume
move together in a particular ratio. Neither axis-aligned test explores that direction. This is the
structural counterpart of Le Chatelier’s principle: enlarging the space of admissible variations
can only make stability harder to satisfy, since the minimum of a quadratic form over a larger
space cannot exceed its minimum over a subspace. Every constraint released — unclamping a wall,
allowing a reaction to proceed, permitting two components to unmix — is a potential source of
instability the constrained problem could not reveal.
The situation is not hypothetical. Take a van der Waals fluid,

NkgT  aN?
P= — 18
V—-Nb V2’ (18)
with constant Cy = %N kp, held by a thermostat and a pressure reservoir. Using (9) with

a/kp = (OP/OT)y, and obtaining Hyy from (det H+ H%V)/HSS together with (11) and 1/(Vky) =
—(OP/0V ) N, the entries follow from (18) alone:

T NkgT NkgT ( Nk:B)_zaN2 (19)

ST oy VYT T ey =Nby VT (V= Nb)2 Cy V3

Work in units with N = kg =1, a = 3, and b = 1/3, for which v. =1, P, = 1, and T, = 8a/(27b) =
8/3. At T =24=09T, and v =1 = v,

1.6 —-24 '
H= 94 30 | detH = —0.96, eigenvalues 4.8 and — 0.2. (20)

Both diagonal entries are positive: the fluid is stable against heating at fixed volume, since Cy =
3/2 > 0, and against compression at fixed entropy, since kg = 1/(VHyy) = 1/3 > 0. It is
nevertheless unstable, and the eigenvector belonging to the negative eigenvalue gives the direction,
dx x (4,3), a fluctuation that raises the entropy and expands the volume together. The response
function that has gone negative is k7 = —5/3, consistent with detH = T/(CyVkr) < 0, and
Cp = —15/2 with it.



9 5. Coupled Variations

Checking Cy > 0 and kg > 0 is not a stability test. The pair that decides local stability at
fixed N is C'y > 0 and x7 > 0, because those are the diagonal entry and the determinant of
the same matrix. A state can satisfy both diagonal conditions and still be unstable against

a correlated entropy—volume fluctuation.

5.3. Composition as a Third Variation

Letting the wall pass particles adds d N1 and requires p to match as well. For a single component
the new condition is not new. At fixed T and V the Gibbs—Duhem relation gives dy = vdP
along an isotherm with v = V/N, so (Ou/ON)rv = v(0P/ON)ry; and since the pressure de-
pends on T" and the density n = N/V only, (0P/ON)ry = (1/V)(0P/0n)r while (OP/0V)r N =
—(n/V)(OP/On)r = —1/(Vkr). Eliminating (0P/0n)r,

ou v
(azv)m = Nepp (21)

so diffusive stability restates kr > 0: in a one-component fluid, changing N at fixed V and changing
V at fixed N are both changes of density. Holding T' and P instead makes G = Nu(T, P) linear
in N, so (Ou/ON)r,p = 0 identically. That is the homogeneity zero mode in its most visible form,

not marginal stability and not a criterion awaiting application.

Composition becomes independent when there is more than one species. For a binary mixture at
fixed T' and P with mole fraction x of species 1, let (7, P, x) be the Gibbs energy per particle. From
g=xp1 + (1 —2x)p2, (09/0x)r.p = 1 — po2, and Gibbs-Duhem in the form = djuy + (1 — z) dpe = 0,

2 1
(6),, =1 (50, )
ox TP 1—2 \ Ox TP

so with 0 < z < 1 local stability against a small transfer of composition is (9%g/0z%)r p > 0: the
Gibbs energy must be convex in composition. A genuine condition survives here because working

per particle has already removed the scaling direction. The regular-solution model, with an ideal
entropy of mixing and an energy of mixing proportional to the product of the concentrations,

A mix
kgBT =zlnz+ (1 —z)In(1 — ) + xz(1 — z), XEkBLT’

(23)

makes the competition explicit: mixing always gains entropy, and for w > 0 it costs energy.
The logarithms take dimensionless arguments and x is dimensionless. Differentiating twice gives
(kBT) ™1 (0? Agmix/02?)7p = 1/[x(1 — )] — 2x, positive for all z when y < 2 and negative on
an interval about x = 1/2 when y > 2. The homogeneous mixture is locally unstable where
x(1 —x) > 1/(2x), and since y o 1/T the instability appears on cooling, first at the critical point
X =2, x=1/2. At x = 2.5 the boundaries are x4 = %(1 ++4/1—2/x) =0.276 and 0.724.

The same completion of the square applies when the relaxing variable is a composition. If a
mixture can react, with £ the extent of reaction and A = —(0G/9¢)r,p the affinity, then Cp! =
Choz 4 T(@A/@T)%é/(—@A/@f)rﬂp > C%°% the denominator being positive in a state stable with
respect to £. Heat supplied at constant pressure is partly absorbed by shifting the reaction, so it
raises the temperature less — and the inequality fails exactly where stability with respect to £ fails.
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6 Locally Stable, Metastable, and Unstable

Every test so far has been local. Follow a single isotherm of the van der Waals fluid below its
critical temperature: in reduced variables (18) becomes
8T 3

P _3
30—1 92’

(24)

independent of a and b. Local mechanical stability requires (8]5/817):5 < 0, and setting that
derivative to zero gives the boundary of the region, the spinodal:

- (30 — 1)2 - 30— 2

Tsp — 47@3, PSp — T (25)

Both reduce to 1 at ¥ = 1, so the spinodal meets the critical point, as it must: the critical isotherm
is the one whose unstable interval has shrunk to nothing. At T" = 0.9 the spinodal volumes are
0 = 0.719 and 04 = 1.529, at reduced pressures 0.420 and 0.724 (Figure 2).

P
locally stable

Ot

0.7

0.6
locally stable

0.5 kr <0

locally unstable

0.4 5

T T T T —
1 1.5 2 2.5 3

Figure 2: The reduced van der Waals isotherm (24) at 7' = 0.9. Between the spinodal volumes
04 of (25) the isotherm rises with volume, so k7 < 0 and the homogeneous fluid fails the local
test. On both branches outside the shaded interval the fluid passes every local test, which does not
settle whether it is the state of lowest Gibbs energy; those branches carry both genuinely stable
and metastable states. The coexistence volumes lie inside the outer branches and are not drawn;
locating them is the subject of the next unit.

Outside the shaded interval the fluid satisfies C'y > 0 and x7 > 0, so small disturbances decay
and the state is a local minimum of the availability. A homogeneous state at a volume just outside
U4 can nevertheless have a higher Gibbs energy than a mixture of a dense and a dilute phase
occupying the same total volume, without any small disturbance revealing it. Such a state is
metastable: stable against everything nearby, unstable against a comparison with a state far away.
The regular solution of (23) shows the same three regions in a form that is easier to picture, since
Agmix can be plotted directly: between x4 the curve is concave and the mixture is locally unstable,
while outside them it is convex but part of it still lies above the straight line joining two points
of the curve, so that a mixture can lower its free energy by separating into the two phases at the
points of tangency.
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Key Point

Three statements about a candidate state should be kept apart. That its first variation
vanishes makes it an equilibrium candidate. That the second variation is positive definite
on the admissible space makes it locally stable, which covers both genuine stability and
metastability. That no competing state has a lower value of the relevant potential makes it
the equilibrium state. Each is strictly stronger than the one before, and a local test cannot
deliver the third.

Metastable states are not a bookkeeping curiosity. Liquids can be superheated well past their
boiling point and supercooled well below their freezing point, and vapours compressed past their
condensation pressure, all reproducibly when nucleation sites are scarce; Debenedetti’s monograph
surveys the range. Deciding which of the locally stable states is the equilibrium one requires a
comparison with competing states, which is a global construction rather than a derivative. The
two equivalent constructions — a common tangent on the free-energy curve, and the equal-area
rule on the isotherm — belong to the next unit.

7 Curvature Is Not Kinetics

A curvature tells us whether a disturbance grows. It does not tell us how fast or by what mechanism,
and the two regions fail in different ways for reasons that are dynamical rather than thermodynamic.
Inside the spinodal an arbitrarily small long-wavelength fluctuation lowers the free energy, so
separation begins with no barrier to cross; what sets the rate and the length scale that appears
first is the cost of the gradients such a fluctuation creates. Cahn and Hilliard modelled that cost
with a term x(Ve)? in the free-energy density, which penalises short wavelengths and, combined
with a diffusive equation of motion, gives a growth rate peaking at an intermediate wavelength.
Neither k nor the mobility appears anywhere in the equilibrium fundamental relation.

Outside the spinodal but inside the coexistence region every small fluctuation decays instead.
Separation must begin with a droplet of the other phase large enough that its bulk free-energy
gain exceeds its surface cost, so the state waits for a rare fluctuation to supply one, and the
waiting time depends exponentially on that barrier. Metastable lifetimes therefore range from
microseconds to geological times with no corresponding change in the thermodynamic functions.
One qualification: the spinodal is a sharp curve within a mean-field free energy such as (23), in
which each region feels an average environment. Once fluctuations of finite range are included the
change from barrier-crossing to continuous growth is gradual and the position of a sharp spinodal
becomes model-dependent, the sharp version being a limiting concept for interactions of long but
finite range.

8 Optional: When the Criteria Do Not Apply

This section may be skipped on a first reading. Nothing in the main argument depends on it, and
the results quoted only mark the boundary of the preceding criteria.

The subdivision argument of Section 2 used the strongest of the standing assumptions: that the
entropy of a body is the sum of the entropies of its parts. That is an excellent approximation when
interactions are short-ranged, so that the interaction energy between two halves of a body scales
with the area between them rather than the volume. For a pair potential falling off as v~ in d
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dimensions, the energy of a uniform system diverges with its size when o« < d and the system is
nonadditive. Gravity with a = 1, d = 3 is the standard example; unscreened Coulomb systems and
two-dimensional vortices behave similarly. Campa, Dauxois, and Ruffo review the consequences.

The simplest quantitative statement comes from the virial theorem. For a bound self-gravitating
system of point masses in a steady state, with no external pressure on its boundary, 2(K)+ (W) = 0,
so E = —(K); defining a kinetic temperature by (K) = 3NkpT,

E=-3NkgTT =  C=-—=-3Nkp<O0. (26)

Losing energy makes such a system hotter. The attached conditions matter: a bound, virialised,
steady state with no boundary term, and a temperature defined kinetically rather than through
0S/OE. Antonov, and then Lynden-Bell and Wood, showed that for an isothermal sphere confined
to a box larger than a critical radius no state of maximal entropy exists at all, the resulting
gravothermal catastrophe being driven by exactly the mechanism of Figure 1, with a core of
negative heat capacity in contact with a halo.
Equation (26) sits uneasily beside a familiar identity. Differentiating (F) = —91In Z/9 in the
canonical ensemble gives
Var(E) 0
kBT2 -7
so a canonical heat capacity is never negative. There is no conflict: the statements concern different

Cy = (27)

ensembles. Equation (27) describes a system held by a thermostat, and a system with a negative
microcanonical heat capacity simply cannot be held at fixed temperature by one — the criterion
1/ C‘(/l )41 / C‘(} ) > 0 fails in the reservoir limit, which is what Figure 1 showed. For additive systems
the ensembles agree in the thermodynamic limit and the distinction never surfaces; for nonadditive
ones they need not agree, and the microcanonical description is the appropriate one when the
system is genuinely isolated.

The lesson concerns the scope of a theorem rather than its correctness. A negative heat capacity
does not refute Section 2; it identifies a system violating the additivity that argument assumed.
Schmidt and co-workers measured a negative microcanonical heat capacity for a cluster of 147
sodium atoms near melting, where the failure is not long-range forces but small size: at that size
the surface contribution to the free energy is not negligible beside the bulk, so the parts are not
additive either. Equation (27) also fixes the size of ordinary equilibrium fluctuations: with Cy
proportional to N, the relative energy fluctuation \/Var(E)/(E) scales as N~/2 — a scaling that
assumes an additive system away from a critical point, where C'yy and s remain finite.

9 Summary and the Next Question

Table 2 collects the criteria with the assumptions each carries and the variation space each applies
to. Read on its own the table should not be able to mislead: a row is a statement about small
disturbances within a named space, and none of the local rows settles the last one.

We now know when a homogeneous state is locally stable, and that passing every local test
is not the same as being the equilibrium state. Both worked examples show a region where a
uniform state is locally stable and yet a nonuniform one has lower free energy. That leaves a
specific question for the next unit: given a free energy that is not convex, which pair of phases does
the system separate into, and what fixes their densities or compositions? Answering it turns the
common-tangent picture into the equality of chemical potentials and pressures between coexisting
phases, and from there into the Clapeyron equation and the phase diagram.
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Situation Condition Assumptions beyond differentiability
Two bodies, energy only 1/ C‘(/l )11 / C"(/z ) additive entropies; T > 0
Homogeneous body, energy only Cy > 0 additivity, extensivity, one phase
Body with reservoirs, fixed N Cy >0and kp >0 one phase; T' > 0; local only

Two bodies, energy and volume ~H® + H® positive definite as above, on that variation space
Binary mixture at fixed T, P (02g/02%)rp >0 one phase; per-particle variables
Global equilibrium lowest potential among all states requires comparison, not curvature

Table 2: Local stability criteria and the conditions they carry. Each row is valid only for the
variation space named in it; enlarging that space can only add conditions.

A Practice Problems

Problem 1 (a body with a negative heat capacity). Body A has T4(E4) = Ty exp[—(Fa —
E.)/A] with A > 0 over the range of interest; body B has a constant heat capacity Cp > 0. They
exchange only energy. (a) Show that C4 = —A/T4 and find Sa(E4) up to a constant. (b) Find the
condition on Cp for the state with T4 = T = T} to be a local entropy maximum. (c) Body A is
placed instead in contact with a large reservoir at T,. What happens, and what does the calculation
not tell you? (d) Explain why (b) does not contradict the requirement Cy > 0 of Section 2.

Problem 2 (the response-function criteria). (a) Starting from (9) and the identities Cp —
Cy = TVa?/kr, kr/ks = Cp/Cy, verify detH = T/(CyVkr). (b) Deduce Cy > 0 and x> 0,
stating where T' > 0 was used. (c) Show that Cp > Cy and kp > kg follow, and identify where
equality holds. (d) Show that « is unconstrained in sign, and give a stable substance with a < 0.

Problem 3 (the spinodal, and a coupled instability). (a) Derive (25) and verify that both
expressions reduce to 1 at o = 1. (b) Show that Cy of a van der Waals fluid is independent of
volume, and explain why the instability therefore cannot appear as a negative Cy. (c) Using (19)
with N=kp=1,a=3,b=1/3, Cy =3/2 and T = 2.4, evaluate H at v = 1.3; confirm that both
diagonal entries are positive while det H < 0, and find the eigenvalues and the unstable eigenvector.
(d) Compute k7 and Cp there, check the sign against det H = T'/(Cyvkr), and say which rows of
Table 2 this state satisfies and which it violates.

Problem 4 (a regular solution). For (23): (a) show that the mixture is locally stable at
all compositions when x < 2, and find the critical composition at xy = 2; (b) for y = 2.5, find
the spinodal compositions; (c) classify x = 0.5 and = = 0.20 at y = 2.5, and say what further
information would decide whether the locally stable one is the equilibrium state; (d) describe how
the unstable interval changes as T falls at fixed w > 0, and identify one assumption of the model
that makes this temperature dependence simpler than that of a real alloy.

B Solution Sketches

Problem 1. (a) dT4/dEs = —Ty/A, so Cq4 = —A/T4 < 0. Integrating dS4/dE4 = 1/T4 gives
Sy = (A/T,) etBa=E)/A yp to a constant, which is convex in E4. (b) At T}, Cq = —A/T., so
1/C4 +1/Cp > 0 requires Cp < A/T, = |Cal; Figure 1 plots this with A = T, = 1. (c) A
reservoir is the limit C'p — oo: the criterion fails and the stationary point is an entropy minimum.
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Any transfer then continues in the same direction, with A heating further as it loses energy. The
second variation locates the runaway but sets no timescale. (d) Section 2 also assumed additivity,
extensivity, and homogeneity. Body A has a convex entropy and is not an additive body of that
kind, so it lies outside the scope of that conclusion rather than contradicting it.

Problem 2. (a) Substitute kg = k7Cy/Cp into T/(CyVkg), eliminate Cp, and subtract H%;,.
(b) With T'> 0, Hgg = T//Cy > 0 forces Cy > 0, and then detH > 0 forces k7 > 0; with 7' < 0
both reverse. (c) Cp = Cy +TVa?/kr > Oy and kr = ks +TVa?/Cp > kg, with equality where
a = 0 — for water near 4°C at atmospheric pressure. (d) Only o? appears; liquid water below
about 4°C has o < 0 and is stable.

Problem 3. (a) (0P/0%)7 = —24T /(30 — 1) + 6/9° = 0 gives the first relation; substituting
into (24) gives the second. Both equal 1 at & = 1. (b) (3Cy/OV)rn = T(0*P/0T?)yn = 0
because (18) is linear in T at fixed V', so Cy keeps its ideal-gas value everywhere and the instability
must show up in the determinant, through xp. (c) Hgg = 1.600, Hgy = —1.655, Hyy = 1.550,
det H = —0.260; eigenvalues 3.230 and —0.081, with unstable eigenvector (4.5,6V") o< (0.702,0.713)
— the region takes up entropy and expands together, while a pure 05 or a pure dV raises the
availability. (d) ky = —4.730, Cp = —14.29, and 2.4/(1.5 x 1.3 x (—4.730)) = —0.260, matching
the determinant. The state satisfies Cyy > 0 (and kg = 1/(vHyy) = 0.496 > 0) but violates the
third row through kr < 0, which is exactly why the two diagonal response functions are not the
right test.

Problem 4. (a) ¢” > 0 for all  requires 2x < min,[1/z(1 — z)] = 4, so x < 2; at x = 2 the
first marginal composition is z = 1/2. (b) z(1 — z) = 1/(2x) = 0.2 gives z4+ = (1 £0.2) =
0.2764 and 0.7236. (c) 2 = 0.5 has ¢"/kpT = 4 —5 = —1 < 0, locally unstable; z = 0.20 has
g"/kpT =1/0.16 —5 = 1.25 > 0, locally stable. Deciding whether x = 0.20 is the equilibrium state
needs its free energy compared with a two-phase mixture of the same overall composition — the
common-tangent construction, a global comparison rather than a derivative. (d) Lowering 7" raises
X = w/kpT and widens the interval about x = 1/2, the instability first appearing at T = w/2kp.
The model takes w temperature independent and the mixing entropy ideal, attributing the whole
temperature dependence to the 1/7" in x; in a real alloy, lattice relaxation and vibrational entropy
make w effectively temperature dependent.
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